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𝒫(x; w) 𝒱(x)

The prover knows a valid witness for x

Completeness: If (x; w) is valid the verifier always accepts

π

Succinct: It’s called a SNARK if the size of the proof is sublinear in the size of w

What is a NARK (Non-interactive Argument of Knowledge)?

Knowledge-soundness: If the verifier accepts, then the prover must “know” a valid witness.



Accumulation Scheme
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Accumulation Scheme [BCLMS21; KST21; KP22; BC23]
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9

Accumulation Scheme [BCLMS21; KST21; KP22; BC23]

Let ℒ and ℒacc be two NP languages. (xacc, wacc) ∈ ℒacc, (x, w) ∈ ℒ

(xacc, wacc), (x, w) xacc, x

x′￼acc(x′￼acc, w′￼acc)



10

Accumulation Scheme [BCLMS21; KST21; KP22; BC23]

Let ℒ and ℒacc be two NP languages. (xacc, wacc) ∈ ℒacc, (x, w) ∈ ℒ

(xacc, wacc), (x, w) xacc, x

x′￼acc(x′￼acc, w′￼acc)

(xacc, wacc) ∈ ℒacc, (x, w) ∈ ℒ

⟺ (x′￼acc, w′￼acc) ∈ ℒacc



11

Accumulation Scheme [BCLMS21; KST21; KP22; BC23]

Let ℒ and ℒacc be two NP languages. (xacc, wacc) ∈ ℒacc, (x, w) ∈ ℒ

(xacc, wacc), (x, w) xacc, x

x′￼acc(x′￼acc, w′￼acc)

(xacc, wacc) ∈ ℒacc, (x, w) ∈ ℒ

⟺ (x′￼acc, w′￼acc) ∈ ℒacc

It reduces check two 
NP instances into one



Incremental Verifiable Computation (IVC)
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What is Incremental Verifiable Computation (IVC)?

F F F

IVC is used to prove correctness of iterative computations such as the following:

IVC has n steps and every step proves the evaluation of F at step i
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Proof-Carrying Data (PCD)

Generalization of IVC from straight-line to DAGs (directed acyclic graphs).

PCD enables distributed and parallel computation.

Used in distributed proving, distributed signature aggregation, secure aggregation, etc 
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How to build IVC/PCD? (Traditional approach :D)

Build an augmented circuit: 

1) Subcircuit F 
 
2) SNARK verifier subcircuit (recursive overhead)
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IVC/PCD Construction from Accumulation Schemes [Halo]

The SNARK verifier in the circuit is quite expensive!

Observation: Defer checking the step proves 
to the last step via accumulation schemes.
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How to build IVC/PCD from accumulation schemes?
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How to build IVC/PCD from accumulation schemes?

Acc verifier is more efficient than the 
SNARK verifier in the circuit
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BCLMS Compiler
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Long Line of Work On Accumulation Schemes
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Long Line of Work On Accumulation Schemes

The focus of all these papers is to reduce 
the recursive overhead, and build 

“prover” efficient IVC/PCD 



Nova: IVC/PCD with efficient prover
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Example of Nova: What is a trivial NARK?
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Nova: Accumulation Scheme for Trivial R1CS NARK
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Nova: Accumulation Scheme for Trivial R1CS NARK
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Nova: Accumulation Scheme for Trivial R1CS NARK

For a circuit of 1 million constraints ==> 
1) the accumulator size = IVC proof size = 80 MB 
2)  Decider time = IVC verifier time = 4s

Nova / MicroNova solution ==> run an additional zkSNARK 
at the end (24x prover overhead, no longer incremental)
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IVC/PCD With Linear-Sized Proof and Verifier

The asymptotic are the same across all the state-of-
the-art accumulation schemes
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IVC/PCD With Linear-Sized Proof and Verifier

The asymptotic are the same across all the state-of-
the-art accumulation schemes

Similar asymptotic for the 
resulting IVC/PCD scheme

This holds for Nova, 
Hypernova, Protostar, 

NeutronNova, KiloNova, 
ProtoGalaxy, Lattice-

Fold, Lattice-Fold+, hash-
based such as Arc etc 



Main Motivation of KZH-Fold: IVC/PCD with 
Sublinear Proofs
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Distributed Proving with IVC / PCD

Different prover do the different proving steps.
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Applications of Distributed Proving (Signature Aggregation )
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c1, π1 c3, π3
c2, π2
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c1, π1 c3, π3
c2, π2

The server aggregates the 
receives data and the proofs

Size of the proof = communication overhead 
Verifying the proof = server overhead



Sublinear Accumulation: Key to IVC/PCD with 
Sublinear Proofs
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Sublinear Accumulation Scheme

Let “decider” be the NP verification function of ℒacc

We call an accumulation scheme sublinear if:

1)  |ℒacc | ∈ o( |ℒ | )

2) deciderℒacc ∈ o(verifierℒ)
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BCLMS Compiler
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BCLMS Compiler

Sublinear accumulator => sublinear IVC
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BCLMS Compiler

Sublinear accumulator => sublinear IVC

If NARK is the original 
function F ==> these are 

sublinear in the size of the 
original function F
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Contributions 

1) KZH-Fold is based on KZH, a PCS with sublinear opening

1) Build KZH-Fold, i.e., a sublinear accumulation scheme

3) New approach to designing non-uniform IVC/PCD (first efficient N-PCD)
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Our Goal
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Starting Point: Hyrax

Reminder: Hyrax is a polynomial commitment scheme with  n opening and commitment size.
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Overview of Hyrax
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Starting Point: Hyrax

Reminder: Hyrax is a polynomial commitment scheme with  n opening and commitment size.

Sublinear opening ==> sublinear accumulation scheme 

Square-root size commitment ==> High recusive overhead 
(square root group operations in the circuit)
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Starting Point: Hyrax

Reminder: Hyrax is a polynomial commitment scheme with  n opening and commitment size.

Sublinear opening ==> sublinear accumulation scheme 

Our goal: make the commitment one group element

Square-root size commitment ==> High recusive overhead 
(square root group operations in the circuit)



How to Build KZH? KZH = KZG + Hyrax
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KZH2: Overview 
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KZH2: Overview
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Efficiency of KZH2 
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Efficiency of KZH2 

The opening cost is optimal: just polynomial evaluation 
and no group operations 
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KZH-k: An overview of efficiency
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KZH-log( )ℓ
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Comparison of KZH-k vs Prior Work
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Other properties that make KZH unique.

KZH offers free opening for points in the boolean hypercube ⟹ an efficient VC instantiation

KZH offers cheap zk ⟹ O(k ⋅ N
1
k )
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Free opening at Boolean points

IEEE S&P 2025
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Free opening at Boolean points

IEEE S&P 2025

Square root proof size Does not support zero-knowledge
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Free opening at Boolean points

USENIX Security 2026



KZH-Fold: Sublinear Accumulation Scheme 
for KZH

60



● Just to review: building IVC/PCD with sublinear proof requires a 

sublinear accumulation scheme

● We have built a PCS with sublinear proof, next we build an polynomial 

accumulation (PA) scheme for it.

● We’ll later see how to compiler PIOP+PA into IVC/PCD. 

61

Goal
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KZH-Fold: Accumulation Scheme for KZH Verifier
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Comparing KZH-Fold with Prior Work



● BCLMS Compiler: NARK + NARK verifier accumulation ==> IVC/PCD

● SNARK + SNARK verifier accumulation ==> Sublinear IVC/PCD

● NARK = PIOP + PCS 

● SNARK = 

●

𝒱PIOP and 𝒱PCS are both succinct.

Accumulation for 𝒱PIOP and 𝒱PCS ≡ Accumulation for 𝒱SNARK
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How to achieve IVC/PCD from PA?



65

How to achieve IVC/PCD from PA?

PIOP (Spartan) PCS (KZH)+ = SNARK (Spartan+KZH)

Spartan verifier accumulator KZH-Fold Spartan+KZH verifier accumulation + =
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IVC circuit of Spartan+KZH-Fold
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Comparison of Nova vs Spartan+KZH-Fold



New Paradigm in Design of Non-Uniform 
IVC/PCD 
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What is Non-Uniform IVC/PCD?

Standard IVC/PCD: repetitive computation of a function F  

What is we have multiple function?!
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What is Non-Uniform IVC/PCD?

Standard IVC/PCD: repetitive computation of a function F  

What is we have multiple function?!



● Keep m different accumulators corresponding to m instructions.
● When a new instruction is received, accumulate with the 

corresponding and the remaining are untouched.  
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SuperNova: the State-of-the-Art for N-IVC
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SuperNova: Previous State-of-the-Art
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Why it doesn’t work for PCD
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Distributed Proving of a zkVM with (Non-Uniform) IVC / PCD
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N-IVC/N-PCD from Polynomial Accumulation
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N-IVC/N-PCD from Polynomial Accumulation

Fi is translated into number of polynomial constraints via PIOP.

These polynomial are accumulated via polynomial accumulation
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N-IVC/N-PCD from Polynomial Accumulation

Fi is translated into number of polynomial constraints via PIOP.

These polynomial are accumulated via polynomial accumulation

PIOP returns polynomial and polynomials are homogenous constraints 
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Comparison of N-IVC/N-PCD from PA+PIOP With Prior Work
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Thank you!
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Questions?


